AUBRY-MATHER THEORY AND LIPSCHITZ CONTINUITY OF 
THE TIME SEPARATION 



STEFAN SUHR 



Abstract. We consider Aubry-Mather theory for a subclass of class A space- 
times, i.e. compact vicious spacetimes with globally hyperbolic Abelian cover. 
In this subclass, called class Ai, we obtain improved results on timelike maxi- 
mizers and Lipschitz continuity of the time separation of the Abelian cover on 
the i.g. optimal subsets. 



1. Introduction 

The existence problem of timelike geodesic lines and rays and with it the problem 
of the existence of timelike limit curves is persistent in Lorentzian geometry. For 
example the Lorentzian splitting theorem ([2]) assumes the existence of a timelike 
geodesic line. A certain quality of co-rays of this line, namely the distance of 
the tangents to the light cones, is essential to establishing the Lipschitz continuity 
of the associated Busemann function, which in turn is an important step in the 
proof of the splitting theorem. Conditions for the existence of such a line, or less 
restrictively a ray, are barely known in general situations, i.e. without any curvature 
or completeness assumptions. 

The underlying geometric problem of the qualitative behavior of maximal geo- 
desies can be studied in globally hyperbolic spacetimes which appear as Abelian cov- 
ers of compact vicious spacetimes, using Aubry-Mather theory. Developing Aubry- 
Mather theory for class A spacetimes, i.e. compact vicious spacetimes with globally 
hyperbolic Abelian covering, [11] establishes the existence of at least one timelike 
maximizer, i.e. a timelike pregeodesic which lifts to an arclength-maximizing one in 
the Abelian covering, in any class A spacetime. The proof further showed that the 
tangent curve of this maximizer is uniformly bounded away from the light cones, 
i.e. the tangents of an afRne parameterization are contained in a compact subset 
of the tangent bundle. At some points though the properties of class A spacetimes 
were not sufficient to produce the results that one expects for timelike maximizers, 
i.e. all timelike maximizers in a reasonable subset of all maximizers yield flowlines 
of the geodesic flow contained in a compact subset. If this is not true, one would 
expect a minimum of dim Hi [M, R)- many "uniformly timelike" maximizers. Exam- 
ples of class A spacetimes suggest that this expectation is true in a large sub-class 
of class A spacetimes. These examples include the Lorentzian Hedlund example, 
the case of 2-dimensional class A spacetimes and the conformally flat Lorentzian 
tori ([11]). 

Among common properties that all these examples share, is that they give rise 
to what we will call a uniform family. A uniform family is a continuous family of 
timelike loops such that the base point evaluation map is a proper surjective sub- 
mersion. It is immediate that the existence of a uniform family implies viciousness 
(proposition 2.4). Motivated by this fact we call a spacetime uniformly vicious if it 
admits a uniform family. 
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2 AUBRY-MATHER THEORY AND LIPSCHITZ CONTINUITY OF THE TIME SEPARATION 

It is the main idea in the present improvement of Aubry-Mather theory to 
strengthen the viciousness property of class A spacetimes to uniform viciousness. 
This restriction ensures that the following problem does not appear. By elementary 
reasons it is clear that the stable time separation I is positive on the interior 1° of 
the stable time cone T (see appendix A for the definitions). In contrast no argu- 
ment is known showing that the support of a maximal invariant measure fi with 
rotation class G T° should by confined to the timelike future pointing vectors 
for general class A spacetimes. 

To capture the problem more precisely note that the obstacle to proving the 
existence of dimiJi(M, M)-many geometrically distinct timelike maximizers is the 
existence of a timelike maximizer 7 and two limit measures /ig, /ii of 7 with i2(/io) = 
0, i.e. p{fJ.o) € 91, and p{fJ.i) & T°, i.e. > 0. For uniformly vicious class A 

spacetimes we will exclude the existence of such maximizers and thus obtain the 
existence of dim i?i (M, M)-many distinct timelike maximizers. 

It was mentioned at the beginning that control over the tangents of co-rays to 
a tinielike ray yields the Lipschitz continuity of the associated Busemann function. 
We employ the acquired control over the tangent vectors of timelike maximizers 
and the idea underlying the proof of the Lipschitz continuity of the Busemann 
functions in [4] to prove the Lipschitz continuity of the time separation of the 
Abelian covers of class Ai spacetimes on the i.g. optimal sets. These sets are 
Te \ Bk{0), where 1^ := {h S T| d[st{h,d1) > s\\h\\} and 5^(0) is the bah of 
some radius K > around £ Hi{M,R). The optimality of is immediate 
from Minkowski space. The necessity to remove Bk{0) from follows from the 
Lorentzian Hedlund examples in [11]. 

To the knowledge of the author, so far no result is known about the global 
Lipschitz continuity of the time separation of a globally hyperbolic spacetime in 
this generality. 

The article is organized as follows. In section 2 we will define and discuss uniform 
viciousness for general spacetimes. We give several examples of uniformly vicious 
spacetimes and vicious spacetimes that aren't uniformly vicious. The section is 
concluded with a smoothing result for uniform families (proposition 2.6). 

Section 3 then discusses the Aubry-Mather theory for class Ai spacetimes. The 
main technical step in this section is proposition 3.4, while the main result propo- 
sition 3.7 establishes the existence of at least dimi?i(M, M)-many geometrically 
distinct timelike maximizers. 

Proposition 3.7. Let {M,g) be of class Ai. Then there exist e > and at least 
b-many maximal ergodic measures fii, . . . , fih of ^ such that {p{fJ-k)} is a basis of 
Hi{M,R) and 

dist(supp/ifc,Light(A/, [g])) > e 

for all l<k<b. 

The Lipschitz continuity of the time separation is the subject of section 4 with 
the main result being theorem 4.3. 

Theorem 4.3. Let {M,g) be of class Ai. Then for all e > there exist constants 
A'(e), L{e) < 00 such that (a;, y) i— > d{x, y) is L{e)-Lipschitz on {{x, y) G Af x M\ y^ 

xe'i,\B,^(,)(0)}. 

The idea to the proof of theorem 4.3 is contained in [4] and goes back to [2]. We 
verify the "timelike co-ray" condition from [4] with the method of proposition 3.4. 
Then the Lipschitz continuity of the time separation follows in the same manner as 
in [4] the Lipschitz continuity of the Busemann functions. 
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We conclude these notes with two appendixes. The first one collects the necessary 
results from earlier work. The second one discusses the notion of causal curves and 
is intended as a motivation for the definitions in section 2. 

Global assumption: We assume that the manifolds M are equipped with a fixed 
complete Riemannian metric gj^. 

2. Uniformly Vicious Spacetimes 

Before we discuss uniformly vicious spacetimes, we want to note some facts about 
vicious spacetimes. This is intended as a motivation for the subsequent definition 
of uniform viciousness. 

From this point on we will consider as the factor M/Z. Since becomes 
a Lie group (as a factor of (K, +) by (Z, +)) in this way, the sum of s,t e is 
naturally defined as s + t :=s + t + Z, where s and t are real numbers representing 
s and t. 

Define on the real line the usual metric structure (s, t) i— > | s — 1 1 . The projection 
TTgi : M ^ naturally induces a metric structure on 5^, which we will denote by 
|.| as well, i.e. 

\s — t\ := min{|s — t\ \ TTgi (s) = s, ttsi (t) = t}. 

Set [t-e,t + e] := {s e 5^1 \s - t\ < e} and (t - e,t + e) := {s e S'^\ |s - t| < e} 
for £ > and t e . 

First we want to broaden the notion of timelike curves. 

Definition 2.1. Let (Al,g) be a Lorentzian manifold. A curve I ^ M is 
called essentially timelike if for each t Cz I there exist S > and a convex normal 
neighborhood U ofj{t) with j{{t — S,t + S)) C U such that (7(0'), 7 (t)) e lu for all 
a,T e {t-d,t + S) . 

A loop j: ^ M is essentially timelike if the curve 7 := 7 o 7r5i : R — > M is 
essentially timelike. 

Note that every essentially timelike curve is causal. It is clear that any timelike 
curve is essentially timelike (recall that we assumed every timelike curve to be 
smooth with timelike tangents). Note that there is no analog to proposition B.2, 
in the sense that a curve is essentially timelike if and only if it is causal and the 
5'ij-arclength parameterization satisfies -ylt) € Time(M, [g]) for almost every t. For 
example, consider in Minkowski 3-space (M'^, —dt^ + dx^ + dy^) the curve 7(t) := 
{t, cos(i), sin(i)). We have 7(t) € Light(R3, [~dt'^ +dx'^ +dy'^]) for all t and obviously 
7 is not a pregeodesic since its trace is not a straight line. We have {—dt^ + dx"^ + 
dy^){l{i) ~ 7(t) — 7(5)) < for every s ^ t. This can be seen via two different 
ways. The first is rather algebraic and considers the tangents to 7. One should be 
aware that {—dt^ + dx^ + dy^){'y,'^) vanishes of third order in t = 0. The second 
is geometric and rather simple. One knows that ({b) G /+(C(a)) for every future 
pointing causal curve C,: [a, 6] — > M that is not a lightlike geodesic. Since 7 lies in 
Minkowski space and is not a geodesic we know that ^{t) G /+(7(s)) for all s < t. 
In Minkowski space this condition is equivalent to the assertion. Therefore 7 is 
essentially timelike, but no tangent of 7 is timelike. 

The definition of essential timelikeness is motivated by the observation following 
from proposition B.4 that every essentially timelike curve can be deformed, with 
fixed endpoints, into a timelike curve via essentially timelike curves. The same is 
true for essentially timelike loops (a loop 7 will be called a timelike loop if the 
curve 7 :=: 7 o 7151 : M. ^ M is timelike). Note again that any timelike loop is an 
essentially timelike loop. 

The following fact is an alternative definition of total viciousness. For a discus- 
sion see [6]. 
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Fact 2.2. A spacetime {M,g) is vicious if and only if there exists an essentially 
timelike loop 7p : 5^ — > M with 7p(0) = p for all p E M . 

Now fact 2.2 motivates the following definition. 

Definition 2.3. A spacetime {M,g) is uniformly vicious if there exists a smooth 
manifold A4 and continuous proper map H : x M such that i?|A^x{o} ^■s 

a smooth surjective submersion and the loops -ff|{a;}xsi '^''^ essentially timelike for 
all X Cz A4. We will call the map H a uniform family. 

The idea behind definition 2.3 is that the essentially timelike loops in fact 2.2 
can be chosen in a continuous manner along any subset of M . From the definition 
we immediately obtain: 

Proposition 2.4. Any uniformly vicious spacetime is vicious. 

Proposition 2.4 is no longer true if we replace essential timelikeness by causality 
in definition 2.3. For example consider the Lorentzian metric cos^(27ra;)((ix^ — + 
sin(27ra;)(ia;(i2/ on R^. The metric is obviously invariant under integer-translations. 
Therefore it induces a Lorentzian metric on the quotient R^/Z^. The closed causal 
curves [x = const] in R^/Z^ foliate the torus, but the spacetime is not vicious. 



Examples of uniformly vicious spacetimes include flat tori or more generally 
spacetimes of the following structure: (M, g) = (N x S*^, —f^dt^ + [3dt + h)), where 
/ is any positive smooth function on x 5'"'^, /3 is a 1-form on N and h is Rie- 
mannian metric on N, both depending smoothly on the 5'^-coordinate. Another 
set of example is provided by any Lorentzian metric on 5'^""''^ such that the Hopf 
fibration is timelike. 

Proposition 2.5. Assume that M is diffeomorphic either to , the Klein 
bottle or x R. Then every vicious Lorentzian metric on M is uniformly vicious. 

Proof. We consider the case M = only. The case M = follows from the 
case M = since the orientation cover of is diffeomorphic to T^. Then any 
uniform family for the lifted metric on gives rise to a uniform family on 
via the canonical projection K^. Note that any finite cover of a vicious 

Lorentzian manifold is vicious again. 

The other case follows similarly, since any vicious Lorentzian metric on 5^ x R 
gives rise to a partition of S*^ x R into essentially disjoint annuli with smooth 
timelike boundary curves. The uniform family can then be constructed on each 
annulus separately. If the construction is carried out carefully the local uniform 
families will join to a global uniform family. 

Let M = and g a vicious Lorentzian metric on M. We can assume w.l.o.g. 
that (M, g) is time-oriented, due to the same argument reducing the case of M = 
to M = T^. Then proposition 4.6 in [10] implies that stable time cone of {M,g) 
has nonempty open interior. 

Choose a pair of transversal future pointing timelike vector fields X, Y on M 
such that the rotation vectors of X and Y have different directions in the interior 
of the stable time cone. This can be easily achieved by choosing a future pointing 
timelike vector field X and a nonsingular lightlike vector field Y. The existence of 
X follows from the time-orientability of (M, g) and the existence of Y follows from 
the time-orientability of {M,g) and the orientability of M (compare [9]). Since M 
is compact, it is clear that the rotation vector of X lies in the interior of the stable 
time cone. Then Y := X + Y yields a future pointing timelike vector field with 
rotation vector different from X . 

Note that every forward orbit of X intersects every backward orbit of Y infinitely 
many times (The rotation vectors have different directions). Therefore by adjoining 
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forward and backward orbits we can construct a continuous family of timelike loops 
covering M . Simply choose a fundamental class 77 which is mapped into the interior 
of the cone over the roation vectors of X and Y . Then there exists a positive 
multiple 77*^ of 77 such that for every p G M the intersection of the forward orbit of 
X with the backward orbit of Y through p can be chosen such that the resulting 
timelike future pointing curve represents 77*^ . These curves depend continuously on 
p since we have chosen X and Y to be transversal. Denote the constant arclength 
parameterization of the curve through p on with 7p. 

Now we can choose M = M and H : M x ^ M, {p,t) H' 7p(t). H is clearly 
continuous, the loops are timelike and i?|7\/x{o} = id|A/, i-e. a smooth surjective 
submersion. □ 

It is easy to construct examples of vicious Lorentzian manifolds that are not 
uniformly vicious. Consider the quotient of Minkowski space (M^, dx"^ — dy^) by the 
group of translations F := Z • (0, 1). Remove from the quotient the point [(0, 0)]. 
The claim is then that M R^/r\ {[(0, 0)]} together with the induced Lorentzian 
metric g is vicious, but not uniformly vicious. The viciousness is obvious, since 
(M^/r, dx^ — dy^) is vicious. The other part in the claim is equally easy to be seen. 
Assume to the contrary that (M, g) is uniformly vicious. Note that all loops in the 
uniform family represent the same fundamental class in 7ri(M). In the covering 
space \ Z • (0, 1) the lifts of loops in the uniform family are essentially timelike 
curves connecting a point p = (^1,^2) S \ Z • (0, 1) with p + (0, k) for some 
fc G Z. If pi > |fc| it is obvious that no causal curve connecting p with p + (0, fc) 
can intersect the halfspace{(x, y)| a; < 0}. Therefore the fundamental class of each 
loop in the uniform family must belong to the subgroup {a"| n G Z}, where a is the 
fundamental class represented by the projections to M of 1 1—)- {x,t) G \ Z • (0, 1), 
t G [0, 1] and a; > 0. The same argument withpi < — shows that the fundamental 
class of the loops in the uniform family must belong to the subgroup {&"| n G Z} 
generated by the the projections to M of the curves t H> {x,t) G \ Z • (0, 1), 
t G [0,1] with X < 0. Since the fundamental group of M is the free group over 
the two generators a, b, we obtain k = 0. But this is clearly a contradiction, since 
Minkowski space does not contain any causal loops. 

In the rest of the section we want to prove the following "smoothing" result for 
uniform families. 

Proposition 2.6. Let {M,g) be a uniformly vicious spacetime. Then there exists 
a smooth uniform family H' : A4 x ^ AI such that -ff'|{2;}xsi timelike loop, 
i.e. with timelike tangents, for every x G A4. 

The main problem with proving such a statement is that if we use smooth ap- 
proximations of H by the usual method contained in [5], we run into the risk of 
losing the property that H\^^y^gi is an essentially timelike loop. We show through 
a careful analysis that these problems are futile. 

Choose a complete Riemannian metric gn on M. Define for p d M the positive 
number mi{M,g)p as the supremum over all < 77 such that Bn{p) is contained 
in a convex normal neighborhood of p in {M,g) with (j/j-diameter bounded from 
above by 1. The diameter condition is there for technical reasons. 

Lemma 2.7. Let {M,g) be uniformly vicious. Then there exists a uniform family 
H: Mx S'^ ^ M smooth on a neighborhood of M x {0} and such that the loops 
H\{x}y,s'^ are piecewise geodesic for all x G A4. 

Proof. Let Hq : x 5^ — > A/ be a uniform family. Define 

ix mi^{ini{M,g)Ho{x,t)} 



6 AUBRY-MATHER THEORY AND LIPSCHITZ CONTINUITY OF THE TIME SEPARATION 



for x e A4. Note that is lower semicontinuous and positive for all x G M. 
Therefore we can choose a continuous function i: — > (0,oo) with i(x) < ix for 
all X eM. For iV G N set 

Un ■■= {x e iV| dist {Ho{x, s),Ho{x, t)) < {2''^ - 2^'^)i{x), 

ys,te : \s-t\< 2-^}. 

{Un}ngn is an open cover of Ai and the condition "dist {Ho{x, s), Ho{x,t)) < 
(2-1 - 2-^)i(x)" ensures that 17^ C Un+i- Choose Wn C M open with Un C 
Wn ^ Wn C Un+1 for every N £ N. Then {Un+i \ WOv-iIatsn forms an open, 
locally finite cover of M. Choose a partition of unity {<pjv}AffEN subordinate to 
{Un+1 \ Wn~i}n<£N- We use the following index convention 

suppvjjv C Un+1 \ Wn-1- 

Consider the set B of nonzero 0-1-sequences a = ai a2 ■ ■ ■ which become constant 
to eventually. Further consider the subset Bn of B whose elements are identically 
after the A^-th digit. Denote by Pn the sequence which is identically except 
for the A^-th digit. Set ri = idlgj and for > 2 define the following operations 
rjv : Bn Bn-1- For a e Bn \ {/^at} define rjv(a) by setting the A^-th digit to 0. 
For a = I3n set rN{a) = Pn-i- 

For a G S choose A^ e N with a £ Bn- Set a„ := r„_|_i o • • -o r7v(a) for n < A^ — 1 
and a„ := a for n > A^. Note that this definition does not depend on the choice of 
A'^. Set ta '■= X^riLi '^"^ whcrc a ~ aia2 . ■ ., and 

oo 

taix) ■.= ^ta„Vnix) G [0,1). 
n=l 

Note that x i— )- ta{x) is smooth. The numbers ta{x) naturally define classes ta{x) € 
S^. For the rest of the proof we will denote real numbers in M with t and with t 
their projections to 5*^. 

Denote with ujn the sequence which is identical to 1 for all digits smaller than 
or equal to A^, and everywhere else. Define the successor operation 

a = 0x02 . . . G Bn '-^ SN{a) = a[a'2 . . . G Bn 

as follows. If a = ujn set SAr(a) = ujn- If oa = set a'^ = for i < A^ — 1 and 
a'j^ = 1. If a ^ lun and aN — I choose 1 < fc < A^ minimal such that a; — 1 for 
all A: < i < A^. In this case set a'^ = ioi k < i < N, aj^„x ~ ^ ''^^'^ '^'j ~ '^i 
j <k-l. 

Define the map Hn'- Un x M as follows. Let x G Un- For a G Bn 

define the curve ja,x- ^a{x),ts^(^c,){x)] — >■ M to be the unique geodesic connect- 
ing Ho{x,taix)) with Ho{x,tsj^(^a){x))- Note that taix) < tsiv{a){x) and \ta{x) - 
tsN{a)i^)\ ^ 2"" for X G Un- Therefore 

dist{H{x,ta{x)),H{x,t^j^^a}{x))) < ix/2 

and 7q 2; is well defined. By the definition of the uniform family, the geodesic 
7a, a is future pointing timelike if and only if ^x,a is non-constant if and only if 

Define C,t/3: ^- M by setting I (7„_ J :=tfj^\u^_^ andL|(7„_i :=L„|;7n_i- 
tp and are weU defined smooth functions, since t/3„+i,wjv+i lc/jv-i = W.^jnIc/n-h 
and induce smooth functions tp,t^: Ai — >■ S^. Now define Hn - Un x M 
(note that r7v(wAr) = i^at-i) 

JiJo(x,t) if t G [<i^(x),i;3(a;)] and 

[la,x{t) if t G [iQ(a;),ts„(a)(2;)] for a G Bn- 
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i/jv is continuous by construction and we have H^^iluj^ -^ = Hn\un-i- Therefore 
we can define a map H' : M. y. ^ 1\I with = i?Ar|;7„_i. H' satisfies 

the claim of the lemma on {M x S^) \ U, where U -.^ {{x,t) e M x S^\ t G 

The reason why we have not altered Hq\ij so far, is that we want to retain the 
property that -ffo|Aix{o} is a surjective submersion. In order to do so we have to 
be more careful with our construction on U. Choose for every x G Ai a, geodesi- 
cally convex normal neighborhood Vx of Ho{x,0) with diamg^(T4) < 1 such that 
Bi^{Ho{x,0)) C Vx- Next choose a smooth map x: x {0} -> Time(Af, [g]) over 
Ho\mx{o}^ i-G- x(2;,0) € Time(M, [g])Ha{x,n) for all x G A4. Consider the (future 
pointing timelike) geodesic Cx starting in Ho{x,Q) with direction x(2;,0) and for 
TV e N the set 

Vn {x e M\ Cx (±iV-i) e q^{H^{x,tp,^{x))) and < . 

{V/v}ArgN is an open cover of A4 and we have Vat ^ Vn+i- Choose open sets Zn 
with Vn C Zn C Zj\j C Vn+i- Then {V/v+i \ ZAr_i}^gN forms an open, locally 
finite covering of M. Choose a partition of unity {tpNjNefi subordinate to this 
covering. We again use the index convention 



H"{x,t) := < 



supp-^w C Vn+1 \ Zn-1- 

Set Tx '■= X]?/=i(-^+ S (0, 1) and denote with Tx the natural projection 
to S^. For X € M denote with 

C+ : [Tx,tpix)] ^ M and C : 1 - r,] ^ M 

the unique geodesies connecting Cx{tx) with Ho{x,tp{x)) and Ho{x.,t^{x)) with 
Cx{—Tx)- Note that are futurepointing timelike for all x G A4. Define 

(H'{x,t) if te[tp{x),t^ix)], 

C+(t) ifte[TxM^)] 
Cx (?) ifi e [t„ ( x) , 1 - T^] and 
Lc,(i) ifZe [0,r,]U[l-r„l]. 

H"\{x}xs^ is a piecewise geodesic, essentially timelike loop for all x G Ai. Since H" 
coincides with Hq on A4 x {0}, we know that -ff"|»x{o} is ^ surjective submersion. 

By construction we have sup(^ dist(iJo(a;, t), iJ"(x, t)) < 1. Recall that all 
convex normal neighborhoods were assumed to have (7ij-diameter bounded by 1. 
Therefore we have 

H"-\K) C H-\Bi{K)) 
for every compact set K C M . Consequently H" is a proper map as well. □ 

Denote with Timc(A/, [g\) the set of future pointing timelike vectors relative g 
in TM and with Light(A/, [g]) the set of future pointing lightlike vectors. Further 
denote with Time(M, [g\Y the set of future pointing vectors v £ Time(M, [g]) such 
that dist(w. Light (M, [g])) > e\v\. 

Definition 2.8. Let {M,g) be a spacetime and e > 0. 

(i) A future pointing curve I ^ M is e-timelike if 

jit) e Time(A/, [g]Y^^,^ 

for one (hence every) gn-arclength parameterization 7 : I ^ M and almost all t Cz I . 

(ii) A past pointing curve is said to he e-timelike if it is e-timelike for the reversed 
time-orientation. 



This is readily extended to general Lorentzian manifolds. 
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Definition 2.9. (i) A causal curve in a general Lorentzian manifold is said to be 
e-timelike if one (hence every) lift to the timeorientation cover is e-timelike in the 
lifted metric. 

(a) A loop 7: S*^ — > M is e-timelike if the lift 7: [0, 1] — > M is e-timelike. 

The definition of e-timehkeness is independent of the Riemannian metric in the 
following sense. 

Fact 2.10. Let gB.,9R &e equivalent Riemannian metrics on M, i.e. there exist 
< c < C < 00 such that cljn < gji < Cgn. Then every, relative to Ijji, e-timelike 
curve is ^e-timelike relative to g^j. 

Proof. Let 7 be a causal curve in (M,g). Denote the arclength parameter relative 
to Ijfi with J and the one relative to gn with s. Then the parameter change ip: J t-^ s 
is a bi-Lipschitz map and ^7 = 'j^ljsf almost everywhere. Since 

dist3«(.,Light(Af, [g])) < CdistS^'^(.,Light(A/, [g])) and > c|.p«, 

the claim follows immediately. □ 

Now we can state the analog of proposition B.2 for e-timelike curves. 

Proposition 2.11. Given a compact subset K of a spacetime M and a future 
pointing curve 7: / — > K. Then 7 is e-timelike for some e > if and only if 
exp^^"|,^(7(t)) G Timc(M, [g])^ for some 6 > and all s < t <E I sufficiently close. 

For the proof we will need the following elementary estimates. There exist con- 
stants < c , C < 00, depending only on g and gfj and K, such that 

(1) ?|z;|dist(w,Light(M,[(7])p) < \gp{v,v)\ < dist(v, Light(M, [g])p) 

for all p K and all future pointing v e TMp. The proof is elementary and can be 
found in [8]. 

Proof. If we assume exp~^^^j (7(<)) S Time(Af, [g\y for some (5 > and all s < i e / 

sufficiently close, we obtain Jj7(s) S Time(M, [g]Y for almost all t (w.l.o.g. we can 
assume that 7 is parameterized w.r.t. pfl-arclength). Therefore 7 is (5-timelike. 

Conversely assume that 7 is e-timelike for some c > 0. Then we have ^^(7) > 
Cii^"(7) for some ei > 0. This follows from (1) for w = 7 and Ci := Vce. 

Now consider s < t Cz I such that j\[s,t] is contained in a compact, convex normal 
neighborhood Us of 7(5) such that {Us,g\ij ) is globally hyperbolic and cxp~|.\,j is 
bi-Lipschitz on Ug. Then we have 

duAlis)nit)) > LSh\[s,t]) > £iL'"il\[s,t]) > cidist(7(s),7(i))- 
Since exp^^^^ is bi-Lipschitz on Us, we have 

dist(7(,s),7(t)) >e2|cxp;(i)(7(t))| 
for some e2 > and therefore 

dHlis),lit)) = -g(exp-i)(7(t)),exp-i)(7(t))) 

< C\ exp-i)(7(i))| dist(exp-i)(7(t)),Light(M, [5])). 
The claim now follows for S := D 

Lemma 2.12. Let V C M™ be open, M a submanifold ofV and g a time-oriented 
Lorentzian metric on V such that the restriction of g to M is Lorentzian as well. 
Further let e > 0, Af be a smooth n-manifold and H : J\f x V a continuous 

map such that iJ||j,i,xSi an e-timelike loop for all y G J\f, H is smooth on a 
neighborhood of Af x {0} and the map i?|A/'x{o} a submersion. Then for every 
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X Cz Af there exists a neighborhood Ux of x such that for all 5 G (0, e) there exists a 
smooth map H^^s'- Ux 'x ^ V with Hx^s\{y}xs'^ {e ~ 5) -timelike for all y e Ux, 
\Hxj{y,t) - H{y,t)\ < S for all {y,t) e Ux x and \dH{y,0) - dH{y,0)\ < 6 for 
all y G Ux- 

We will denote with C R" the open ball of radius r > and center G M". 

Proof. The statement is local, therefore we can assume J\f = M". Throughout the 
proof we will identify the tangent spaces TVp with M'". Both M" and V are equipped 
with the standard scalar product as Riemannian metric. For p Cz V we will denote 
with Time(M'", [g^]) the positively oriented timelike vectors in (M™, ^p) = {TVp, Qp). 
Time(R™, [gp\Y is defined in the obvious way. W.l.o.g. we can assume that the 
loops H\s^x}xs'^ s-re future pointing for all x G M. Note that by assumption A/" is 
connected. 

Choose, for given x G M" and (5 > 0, a real number Q < r] < 5 and a compact 
neighborhood K C R" of x such that 

(2) H{z, t) - H{z, s) G Time(R'", [gp])'-' U {0}, 

for all z G K, s,t € and p €V such that \p — H{z, s)\, \s — t\ < rj and H\[z}x[s,t] 
is future pointing. Note that under these assumptions H{z,t) — H{z,s) = if 
and only ii s ^ t, since i?|{2}x5i is causal. This choice is possible since the loops 
H\{z}xS^ s-re e-timelike and we can apply the fundamental theorem of calculus to 
any arclength parameterization of H\[z}xs^- 

Choose i > k' > such that \H{y,s)-H{z,t)\ < § for all {y,s), (z,t) £ K x 
with \y ~ z\,\t ~ s\ < k' . Further choose smooth functions ip: R" [0,oo) and 
6* : R -> [0, oo) with supp (p <^ Bl\ supp 6 Q Bl and ^^^Lp = j^O = 1. For < k < 
k' set p}'^{x) := k^"93(k~^x) and 9'^{t) := K^^9{K^^t). Define functions Tp'^ : R" x 
R" ^ [0,oo), iy',yl^ p'^iy' - y) and F; R x R ^ [0,oo), [f ,t) ^ O'^it' - t). 
Since we have suppfl" C (— ^, ^) (recall k < i), the function 6*^ : S"^ x ^ [0, oo), 
(i'j t) I— >■ 9'^{t' — t) is well defined, where t and t are lifts of t resp. t' with \t' — t\ < 1. 
Define for < k < k' 

Hx..: K xS^-^V, {y,t) ^ / H{y' ,t')p'^{y' ,y)9'^{t' ,t)dy'dt' . 

Our goal is to show that the loops Hx,K\{y}xS'^ ^re {e — (5)-timelike loops for all 
y G K and k sufficiently small. We have 

\HxAy,t)~H{y,t)\< f lp-{y',y)e-{t',t)\H{y',t')-H{y,t)\dy'dt' <l 

for all G A' X S*^ by our assumption above. Recall that, by definition of 6, we 
have 9'^{t + T,t) = 0'^{j) for all t,T G and k < k' , where t is the unique lift of r 
to (— i, i]. Then we have 

HxAVit) - Hx,K{y,s) 



(3) 



H{y\t')e^{t\t)dt' - / H{y',s')e^{s',s)ds' 



f^iy^y) 



p''{z,y) / [H{z,t + T) - H{z,s + T)]9''{T)dTdz 



dy' 



for all s,t <E and y G K. 

Recall that we have \H{z, s + t) — H{y, s)\ < r//2 if \z — y\ and |r| < k. Conse- 
quently we have H{z, s + t) G Brj{Hx.K{y, s)) and we get 

H{z, t + r) - ,s + r) G Time(R", [^i^^ 4^^,)])"-' U {0} 
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by (2), for all z (z K and t such that \s — t\ < rj and i/jj^jx [s+r.t+r] is future 
pointing. Using (3) and the fact that Time(R'", [g^ s)])*^ -^^ ^ convex cone, 
we obtain 

H.Av^t) - H.Ay,s) e TimcCR™, [gH^ ^iyjy u {0}. 

Since H^^i^ is smooth and Time(V, [5]) -""^ is closed, we get 

dtH^Av, s) e Time(F, [5])^-* U {0} 

for all (y, s) £ K x . It is now easy to see that dtHx^s is tinielike on a sufficiently 
small neighborhood Ux of x. 

The only thing left to note is that this approximation procedure applies to any 
C-topology. i.e. the differentials of H at points (y, t) are approximated by the 
differentials of H as well. This completes the proof. □ 

At this point we fix a complete Riemannian metric Qr on M once and for all. 
The following proof is closely oriented on the smoothing technique presented in [5]. 

Proof of proposition 2.6. Let H^: M. y. — > M be a uniform family. We will 
reduce the claim to the case that M is a submanifold of some K"' . For this 
choose an embedding F: M R"' for some m' > 2m. Consider R™ to be 
equipped with the standard Riemannian metric (., .). Further consider the normal 
bundle ttjv : N F{M) of F{M) and the exponential map cxp-'- restricted to 
TV. i.e. exp-*- : N — >■ R™ , v 1— >■ ttn{v) + v. Choose a smooth function e: M — >■ 
(0, 00) and a neighborhood Vn of the zero section in TV such that exp-*- 1 ^ : Vn — >■ 
Uj,gA/Se(p) (-F'(p)) =: is a diffeomorphism. Next define on V the Lorentzian 
metric g' := {exp-^)^,{F^,g + {., .)\n) together with the time-orientation such that the 
embedding F: {M,g) — ^ {V,g') preserves time-orientation. Note that, by definition, 
we have 

{ttn o (cxp^)-i), : Timc(l/, [g']) ^ Timc(F(A/), [F,g]), 

and therefore timelike curves in {V,g') are mapped to timelike curves by tttv o 
(exp-*-)"^. Furthermore note that ttjv is 1-Lipschitz relative to the Riemannian 
metrics := {exp^)^{F^g]i + and g^. Consequently any smooth map 

H' : Ai X ^ V , such that the loops H'l^^^^gi are timelike, projects to a smooth 
map H" : M x ^ F{M) such that the loops H"\{x}y.s^ are timehke. We can 
further choose H' such that H" is still a surjective submersion onto F{M). Thus 
H" is a smooth uniform family on F{M) and consequently induces such a family 
on M. 

Choose bounded open neighborhoods Zj; , and of x such that Zj. C Wx Q 
Wx C Ux and lemma 2.12 applies to Hlu^^gi. Choose a locally finite subcovering 
{Zi := Zxi,Wi := Wxi,Ui := Uxt) of Ai. We want to define inductively 
smooth maps Hj-.MxS^—^V with 

(1), H^^H^i on{M\W,)xS\ 

{2)j H'j is smooth on U^^^Z^ x and Fj| 

{2;}xSi is a smooth timelike loop for all 

(3)j H'j is smooth on a neighborhood of x {0} and the projection of i/j \M x {0} 
to F{M) is a surjective submersion onto F{M). 

Since {Zi} is a locally finite cover, the sequence {H^} converges on compact subsets 
oi A4 X to & smooth map H' : Ai x ^ V such that the loops H\^x}xS^ are 
smooth and timelike. Therefore the only thing left to prove is the existence of a 
sequence {H'^} satisfying for all j. 
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For j = we have Hq = H and there is nothing to prove. By lemma 2.7 we can 
assume that every loop Ho\{y}xs^ is piecewise geodesic. Suppose now that j > 
and we have smooth maps satisfying (1)^ — (3)^ for < i < j. We can choose 
Ej-i > such that every loop H'j_i\[y^xS^ is £j-i-timelike for y G Wj. Consider 
for ej_i > 6 > approximations Hj g: Wj x 5^ — > F of Hj_^ according to lemma 
2.12. 

We know that the loops Hj^s\{y}xs^ ^re (£j-i — (5)-timelike for all y £ Wj. 
Consequently we can choose Sj > such that v + Hj^-^l^yy^gi and v + Hj^s\{y}xS'^ 
is ej_i/2-timelike for all y £ Wj and all v e B™: . Choose a partition of unity 
{Ai, A2} subordinate to {Wj,A4 \ Zj}. Define 

H'^{y,t) := X,{y)Hj,sAy,t) + X2{y)H;_,{y,t). 

We have H'^\iM\Wj]xs^ = -ffj-il[.M\Wi]xsi, -f^il[ut^z,]xsi i^ smooth and i7j|{^}x5i 
is a smooth timelike loop for all x E ^{^iZi x . Therefore H'^ satisfies and 
(2)j . By the assumptions on H'j-i we know that iJj is smooth in a neighborhood 
of X {0}. For 5j sufficiently small, we know that the projection of i/j to F{M) 
is a surjective submersion. This is a consequence of the standard approximation 
arguments in [5]. 

This completes the induction and the proof. □ 



3. LORENTZIAN AuBRY-MATHER THEORY AND CLASS Ai SPACETIMES 

Definition 3.1. A compact spacetime {AI,g) is of class Ai if it is uniformly vicious 
and the Abelian cover is globally hyperbolic. 

Note that in this case the domain A4 of the uniform family H is compact. 

Proposition 3.2. Any class Ai spacetime is class A. 

Proof. Clear from proposition 2.4. □ 
Proposition 3.3. The set of class Ai metrics is open in Lor(M). 

Proof. The existence of a smooth uniform family is obviously an open condition in 
Lor{M). □ 

From now on we will assume that the given uniform family is smooth. The 
phenomenon that justifies a study of the Mather theory of class Ai spacetimes is 
the content of the following proposition. 

Proposition 3.4. Let [M, g) be of class Ai. Then no a £ d%* is a support function 
of I 

Before we prove proposition 3.4, we have to introduce some terminology. Recall 
that we have chosen a Riemannian metric t/^ on (Note that in the compact case 
completeness is not a condition). Qn naturally induces a Riemannian metric on 
TM.. The projection tttm '■ TM. — >■ M. then is 1-Lipschitz relative to the induced 
metrics. Next we will define a bundle map {Z denotes the zero section of TM.) 

Xh : {TM \Z)xS^ ^ T{M x S^) 

over the identity on x 5^, where [TM \ Z) x carries the obvious bundle 
structure over AI x 5^, as follows: 

Consider for (u, ^p) E {TM \ Z) x the quadratic form 

: ^ M, (A, ri) ^ H*g{Xv + rid^, Xv + r]d^). 
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The equation 6(„.^)(A, 77) = admits nontrivial solutions for all {v,ip) G {TM \ 
Z) X , since is either indefinite (if and only rk{H^\span{v,d }) — 2) or neg- 

ative semidefinite (if and only if ?'fc(i?*|spQ„{t,,a^}) ~ 1), but not negative definite. 
Note that rk{H^,\span{v,^y,}) > Ij since lf*(9<^) is always timelike and therefore 
5'(iJ*(9^), -ff*(c'y)) < 0. Thus we have 6(„_^)(0,7?) < for all (i;, and r? 7^ 0. In 
the case that 7'fc(i?*|span{«.a,,}) = 2, the set of solutions consists of two transversal 
one-dimensional subspaces which depend locally Lipschitz on (w, <p). 

For every {v, (p) £ {TM \ Z) x we define Xh{v, (p) := v + -qd^ as the unique 
vector such that 77 is maximal among all solutions (I,/?) of 77) = 0. Then 

H^{Xh) is future pointing, if rfc(iJ* |spa«{i,,a^}) = 2 and 0, if rk{H^.\span{v,d^}) = 1- 
Xh is well defined and continuous for all {v, (p) £ {TA4 \Z) x S^. Note that Xh is 
locally Lipschitz on the set {(v, ip) £ {TM \Z) x rk{H^\span{v.d^}) — 2}- Since 
M is compact, we can choose L < 00 and e > such that Xh is i-Lipschitz on 
the e-neighborhood of iJ-i(Light(M, [g]) nT^'^M) n (keriJ*)^- This is due to the 
fact that H^,{d^) is timelike. 

Denote with hn € the homology class of the curves _ff|{p}x5i. The fact that 
hn G T° follows with a simple pertubation argument. 

Proof of proposition 3.4- Let h £ 9T \ {0} and {A„}„gN be a sequence of positive 
real numbers diverging to 00. Choose with proposition A. 2 a sequence of future 
pointing lightlike maximizers 7„ : [— T„,T„] — > M with |7'J = 1 and 

\hn{Tn) - ln{-Tn) - A„/i|| < crr(.g, .gfl). 

Consider a lift rjn'- [—Tn,Tn] — > of 7„ with rj[^ _L kcri/* (Recall that H \& s. 
surjective submersion). Then there exists a constant Ch < 00, depending only on 
H, such that jjf-j\ — < Wn\ ^ ^'i/, where ||i/*||oo denotes the C^-norm of if*. Since 
M is compact we can assume that 

2^(^;),(£i|[_T„,T„])^MeC°(rA^)'. 

By the above bound on [ri'^l we have Z D supp/^ = 0. Let v £ supp/i and define 
X := 7rT>i(w). By perturbing the map H around {a:} X S^, we can assume that 
rk{H,{{v,0)),H,{d^)} ^ 2 for all ip £ S\. i.e. H,{Xh)(v^^) ^ 0. Choose > 
such that H,:{Xh)\bc {v)xs^ is future pointing lightlike and 6 > such that 
n{Beo{v)) > 25. Then we have 

^(7?:,)j(£l|[_T„,T„])(Se„(^;))><J 

for sufficiently large ri G N. 

Let {t,(p) be the canonical coordinates on [— T„,T,i] x S*^. By construction Xh 
induces a vector field X„ on [— T„,r„] x through the condition (77„, id)*(X„) := 
Xh ■ Necessary properties of Xn then are 

d'p{Xn)\[-T^^T^]-x{o} = and dt{Xn) > ei 

for some ei > 0. Next consider £2 > such that (7y„, id)([— T„, T„] x [—£2, £2]) ^ 
Be (i?-i (Light (M, [g])nri^-"A/)n(kcrii*)^). Note that we can choose £2 indepen- 
dent of n, since M is compact. Then Xn\[-T,^^T„]x[-e2.e2] is L-Lipschitz, since by 
construction rj'^ ± keriJ* and H^{r]'^) = 7^ G Light(Af, [g]) n T^ '^M. Next define 
the vector field 

Yn-. [-T„,T„] xS^^ r([-T„,r„] X (t,^) ^ X„ + J d^. 

V + 1 

Note that {Ho (?/„, id))*(y„) is always future pointing timelike in {M,g). Consider 
a maximal solution ^„ : Wn] — > [— T„, r„] x of = Yn{£,n) starting in (0, 0) G 
[—Tn,T„]xS'^. With the definition of y„ we have —a„, cj„ G [£iT„,T„] and therefore 
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—an,u!n > if Tn > ■ Next consider positive integers k such that < := 
k{k + l)/2 < Un and --^ > -k{k + l)/2 > «„. We have diplCni'^)) < 

(^L + i for |t| > = -r^ and (fiiCnir)) £ [-1/fc, 1/fc] and consequently 

dip{adT,£ dipiOdT < 2 (^L + -|=^ + 1. 
Therefore there exists Ci < oo such that 



(4) / difiiCJdr < CiVwn - an 

for n sufficiently large. Note that the integral /^(/^^ '^fi^') uniformly bounded. 
Set '■— H o (77„,id) o [Q!„,a;„] — )- M. By construction, is a future pointing 
timelike curve. Next we want to estimate the g-length of Cn- Since H^,{d^) is future 
pointing timelike, Ht:{XH) is future pointing or vanishing and C4(''") ^ H^{dip) + 
-^=^==H4Xh), we have (|t(C„(r))| < |t|) 



Recall that i?*(X/f)|5^^^(,„)xSi is future pointing lightlike, i.e. H*g{d^,XH) 7^ on 
-Seo ('^) ^ . By decreasing Eq (and with it 6) we can assume that there exists £3 > 
such that \g{H^d^,H^XH)\{CniT)) > £3 whenever C„(t) G H{B^„{tt{v)) x S^). The 
average amoimt of time that C„ intersects H{B^q {''^W)) 'x S^) is bounded from below 
by EiS. Therefore we obtain 

(5) L^iCn) > ^e^S (l - '-^^ K - 

for eiS{ujn - a„) > 2. 

Since /i/f G 'X°, by our assumption on 7„ and (4), we obtain 

dist||.||(C„(w„) - C«(a„),pos{/i_f/, /i}) < err(g,g_R). 

We extend the curves (.„, using proposition A. 3, by uniformly bounded arcs to 
future pointing curves C„ with /i„ := p{Cn) ^ pos{/i_ff, /i}. Equation (4) shows that 

C 

dist||.||(/i„,pos{/i}) < ^ 

By theorem A. 4 (ii) there exists A > such that lim„^oo = A/i. Since [(/i„) > 
2(tj -a'' ) ' ^'-'^ sufficiently large n, we obtain, using (5), 



{u;„ - a„)V4 

for 71 sufficiently large and some £4 > 0, independent of n. But then for sufficiently 
large n there exists £5 > with 

(6) l{hn) > £5 -y/dist||.||(/i„,pos{/i}). 

For any support function a G T* of I we have l(/i) < a{h). If we assume a G d1* , 
there exists ha G d1\ {0} with a{ha) = 0. Consequently, we would have 

l(/i) < ||a||*dist||.||(/i,pos{/i„}) 

for all h G T. This contradicts equation (6) for a suitable sequence {/i„,a}„gN- D 

Next we want to discuss some consequences for the Lorentzian Mather theory of 
class Ai spacetimes. 
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Proposition 3.5. Let [M,g) be of class Ai. Then for every e > there exists 
(5(e) > such that 

dist{swpp ^, Light (M, [g])) > 5{e) 
for every maximal invariant measure fi with p{^) G T^. 

Proof. Let e > be given. Assume that there exists a sequence of maximal mea- 
sures fin with p{fJ,n) G Te and dist(supp /x„, Light (M, [g])) — J- for n — )• oo. W.l.o.g. 
we can assume that finiT^'^M) = 1 for all n. Choose a weakly converging subse- 
quence fijik with weak limit /i. Denote with /i S \ {0} the rotation vector of fi. 
Note that fi is maximal and dist(supp /i, Light(M, [g])) = 0. Consider any support 
function a of I at /i. By proposition 3.4 we have a £ Since /i <E dJla, we 

know that any 7 with 7' C supp fi is calibrated by any calibration representing 
a (proposition A. 12). By proposition A. 9 the set of calibrations representing a 
is nonempty. But then the conclusion dist(supp /i, Light(M, [g])) = contradicts 
proposition A.ll. □ 

Recall the following authentic language introduced in from [11]. A future point- 
ing maximizer 7: R — > M is a T°-maximizer if there exist Ai, . . . Ati+i > and limit 
measures /ii, . . . , pb+i of 7 such that p{Yl \l^i) € T°. 

Corollary 3.6. Let {M,g) be of class Ai. Then any limit measure of a T°- 
maximizer is supported entirely in Time(Af, [g]). 

The following result strengthens the statements of proposition A. 7 and proposi- 
tion A. 13 for class A spacetimes in the class of class Ai spacetimes. 

Proposition 3.7. Let {M,g) be of class Ai. Then there exist e > and at least 
b-many maximal ergodic measures fii, . . . , p,b of ^ such that {/o(/Xfc)} is a basis of 
Hi{M,R) and 

dist(supp/ifc,Light(A/, [g])) > e 

for all l<k<b. 

Proof. Fix a € (T*)° and consider D := a~^{l) n T. Then, by proposition 3.4, 
is a concave function and every support function /?: a~'^{l) — > R of [ju satisfies 
(3~^{0)nD = 0. This follows from the fact that any affine function on a~^(l) has a 
unique linear extension to Hi{M,M.), and the linear extensions of support functions 
of I|d are support functions of I. Next consider the compact convex body 

/C ;= {{h,t)\ heD, 0<t< l{h)} 

in a^^{l) X R. Recall that any point {h,t) e /C is the convex combination of at 
most b extremal points of K.. Thus for every {h,t) G /C we can choose extremal 
points {hi,ti) and Ai G (0,1] such that {h,t) = Y^'l^i Xi{hi,ti). In the case that 
t = I(/i), we obtain that t|conv{/ii}i<i<i, affine and ti = l{hi) for all i, since 
(/i, l{h)) € relint(conv{/ii}i<i<6) and [ is concave. Choose any support function /3 
of at h £ relint(£)). Then we have /3 = [ on conv{/ii}i<i<;,. If there exists 
1 < *o < ^ with l{hig) — ,we obtain I3{hig) — and a contradiction to our 
observation that /3~^(0) n -D = for all support functions f3 of 1\d. Therefore any 
point (/i, l{h)) G K. with h G rclint(D) is the convex combination of extremal points 
{h',\{h')) of /C with \{h') > 0. 

Choose for every 1 < j <b homology classes hj £ relint(D) such that {hj}i<j<b 
is a basis of 7Ji(M, R) and support functions (3j of 1\d at hj. Next choose for every 
j a set of extremal points {{hj^, l{hj^i))}i<i<bj of K. and A-*-* G (0, 1] such that 



Y,^'''{h,^,,lih,,,)) = ih„ih,)). 

i 
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We have seen that every f3j is a support function of l\o at hj^i for every 1 < 
i < bj as well. Choose a basis {/iJj}i</£<& C {hj,i}i<j<b,i<i<bj of Hi{M,M.). Fix 
1 < k < b. Like in the proof of proposition A. 7 we can consider Afe > max- 
imal among all A > with (p(/i),£(^)) = X{h'^.,l{h',.)) for some n € M^. The 
preimage of Xk{h'i.,l{h'i^)) under the map fi G OT^ i-> {p{fj,) , £,{^)) is compact and 
convex in DJtg. Therefore it contains extremal points by the theorem of Krein- 
Milman. Every extremal point of this subset is an extremal point of 971^. Since 
all measures in {ly e 9H^| (p(z^), £(i/)) = \k{h'^, K^'k))} ^'^^ maximal, the extremal 
points are maximal ergodic measures. Choose a maximal ergodic measure /ifc with 
= Afc(/i'j., ((/I'j.)). The unique linear extension au € i?^(M,R) of (3^ 
is a support function of [ and therefore we have ak G (T*)°. By our choice we 
have ^k G ^JTq,^ . Then with proposition A. 11 we get supp/ifc C Time(Af, [<;]), i.e. 
there exist > with dist(supp /i^, Light(A/, [g])) > Sk- Setting e := minjefe}, the 
proposition follows. □ 

The proof especially shows that for class Ai spacetimes with I = somewhere 
on d1\ {0} (I can only vanish on there exist infinitely many ergodic maximal 
measures fi with supp/x C Timc(A/, [g]). This follows from the observation that 
if [ vanishes somewhere on 9T \ {0}, the number of extremal points of /C cannot 
be finite. Therefore the following corollary generalizes corollary 4.8 in [8] to a 
subclass of class Ai spacetimes (note that globally conformally flat Lorentzian tori 
are trivially of class Ai). 

Corollary 3.8. Let {M,g) be of class Ai and assume that I vanishes somewhere 
on 9T \ {0}. Then there exist infinitely many maximal ergodic measures fi with 

supp/i € Time(M, [g]). 

The set of class Ai spacetimes satisfying the assumptions of the corollary could 
be rather small in the set of all class Ai spacetimes. It is for example possible 
to approximate (in any C'"' -topology) any flat Lorentzian metric on the 2-torus 
by Lorentzian metrics with lla^Vjo} > 0. In opposition, for Lorentzian 2-tori the 
condition [|a'i\{o} > can be stable under small C°-pertubations of the Lorentzian 
metric. 

4. LiPSCHITZ CONTINUITY OF THE TiME SEPARATION 

Proposition 4.1. Let {M,g) be of class A\. Then for all e > there exist 5 > 
and K < oo such that 

i{t) e Time(M, [g]f 
for all maximizers 7: [a, b] — >■ M with 7(6) — 7(a) G \ Bk{^) o,nd all t £ [a, b]. 

We obtain the following immediate corollary. 

Corollary 4.2. Let {M,g) be of class Ai. For every e > there 

exists K = K{e) < 00 such that for every sequence of maximizers {7„}ngN with 

L^^'iln) > K and p(7ri) S Te, any limit curve of {^n}neN is timelike. 

Proof of Proposition Choose K{e) such that the assumptions y — .t e and 
\\y — x\\ > K(e) imply y £ I^ix) for all x,y G M (proposition A. 3). The idea is 
to confirm the existence of 6{e) > such that for all x,y £ M with \\y — x\\ > 
K{e) and y — .t G T^, any future pointing maximizer 7: [0,r] — >■ M from a; to y 
satisfies -/'{t) € Time{M,[g]y^''^ for all t G [0,T]. Assume to the contrary that 
there exist a sequence of pairs (a;„, j/„) G M x M with — a;„ € T^, maximizers 
7n : [0,T„] — )■ M connecting Xn and yn and parameter values tn G [0,r,i] with 
I'ni^n) ^ Time(A/, [g])^/". The sequence y„ — Xn cannot have any accumulation 



16AUBRY-MATHER THEORY AND LIPSCHITZ CONTINUITY OF THE TIME SEPARATION 



points by the choice of K{s). If there exist points of accumulation x, y, the curves 
7n will accumulate towards a maximal lightlike limit curve. Then since is closed, 
there exists a lightlike maximizer connecting points x and y with y — x € Ie- This 
contradicts the choice of K{e). Consequently the sequence {j/n — Xn\n&i must be 
unbounded. 

Since Light(M, [g]) n T^'^M is ^-invariant and $ is complete as well as contin- 
uous, there exists a sequence < a„ — ^ oo such that i^(7n|[t„-a„,t„]) ^ 1 ^iid 

\hn{tn) ~ Initn - an)\\ < | |l7n(T„) - 7n(0) |1 < ^ dist || . || (7„ (T„) - 7„ (0) , ST) 

for all 71 e N. This implies [jj^n - - 7n(0)] + [7n(r„) - 7«(^ri)] ^' G 
Ise. Fix a lift 7„ : [0,T„] —J- of 7„ and choose /c„ G 77i(M, Z)r such that 
dis\(7jr„),7„(0) + fc„) <_fiU(g,gfl) and 7„(0) + fc„ e J+(7„(^;^)) (Fact A.l). 
Then [7„(in — a„) + fc„] — 7„(in) G f™" sufficiently large n. Denote with 
the Lipschitz constant of We obtain 

IK) + [(7n(in) - Initn - On)) < Kln{Tn) - 7n(0)) <' d(j„{0),J„{T,,)) + C{s) 

= dilniO),lnitn - «„)) + d(jjtn - a„),7„(in)) + d(j„{tn) ,^ ^(Tn)) + C (e) 

< rf(7„(^n),7„(^" - an) + kn) + d{'y,^{t„ - an),7„(in)) + C{£) 

< [([7„(t„ - a„) + /c„] - 7„(t„)) + 1 + 2C(e/2) 

< + ie/2(fill(5,.to) + Std(gR)) + 1 + 2C{e/2). 
Consequently 

K7«(i«) - 7«(in - a„)) < ie/2(fiU(g,gi?) + std(gR)) + 1 + 2C{e) Ci(e). 

From a„ — > oo and l|.xo > we obtain for n sufficiently large that Wn '■= 7ri(in) — 
Initn — o,n) ^ 2^e/2- Therefore the homology classes w„ + Wn and v„ are linearly 
independent and we can define an "almost support" function a„ of [ as follows. 
Set an{vn) '■= l{vn) and a„(?;„ + Wn) l(^n + Wn)- This defines a unique linear 
function a„ on span{u„, it;„}. For any A G [0, 1] we have 

{{Vn + Wn) > i{Vn + Au;„) - dist||.||((I - A)w„,T) 

> l{Vn + XWn) - err(5,5fl) 

by proposition A. 2, and consequently 

l{vn + Xwn) < l{vn) + Ci{e) + /2 CTi{g .gn) =: l(w„) + C2{e). 

With the definition of Q!„ and < [(«„ + Wn) we obtain a„|j.onv{i>„.t>„+iu„} 5^ 

v{v„,v„+w„} ~ C'2(e) and therefore 



Iconv^ 



(7) an{h) > l{h) - \\h\\ '^'^'^ 



mm{|lw„ + Aw„||| Ae [0,1]} 

for all h € pos{w„, w„ + Wn}- Now the concavity of [ and the definition of a„ imply 
(7) for all h £ span{vmWn} H T. Choose, using the Hahn-Banach theorem, an 
extension /3„ : Hi (M, R) — >■ R of a„ such that 



min{||t>„ + Aui„||| A £ [0,1]}' 



Since w„ + i/7„ G Te and Univn + = + u),i) > uniformly in n, we obtain 
that ||/3||* is bounded away from and oo, uniformly in n. 

Choose converging subsequences /3„j. — >■ /3 G H^{M,M.) \ {0}, w„^,/||i'„j, || — > u G 
and w„j./||t(7„^, II — > w G T. Since T contains no linear subspaces, we have 
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min{j|t),i + Aw„||| A € [0, 1]} — > oo for n — > oo. By continuity of [ on 2° we have 
/3{v) = l{v) and therefore /? € T*. Note that we have 

PniVn + Wn) = + Wn) < + Ci{e) = /3„(f„) + Ci (e) 

and therefore < Ci(e). Thus we get = and a contradiction to 

proposition 3.4. □ 

With this "compactness" result we are able to prove the full Lipschitz continuity 
of the time separation, thus generalizing the coarse-Lipschitz theorem in [10]. 

Theorem 4.3. Let [M,g) he of class Ai. Then for all e > there exist constants 
K{e), L{e) < oo such that {x, y) i— >■ d{x, y) is L{£)- Lipschitz on {(x, y) € Mx M\ y — 

xe'Ie\S,^(,)(0)}. 

A few comments are in order on why the result is optimal for general class 
Ai spacetimes. The flat torus is an example of a class Ai spacetime for which 
the Lipschitz continuity of the time separation on the Abelian cover can not be 
extended to 9J+. 

Further the Lorentzian Hedlund examples in [11] show that the condition — 
2^11 ^ K{ey^ is necessary for the Lipschitz continuity. Locally, i.e. for — a;|| small, 
there exist x,y gM.^ with d{x, y) = and y — x G for some e > 0. 

Proof of theorem 4- 3- The proof is almost a word by word transcription of the proof 
of theorem 3.7 in [4]. We use the following lemma proved in the appendix of [2]. 

Lemma. Let U be an open convex domain in M" and / : J7 — > M a continuous 
function. Assume that for any q € U there is a smooth lower support function fq 
at q such that \df^{q)\ < L. Then f is Lipschitz with Lipschitz constant L. 

For a given e > choose K{e) < oo, 5{e) > as in proposition 4.1 and let 
x,y £ M with y — xE ^e\B2K[e) (0). Further choose a convex normal neighborhood 
V oi X such that y — z e Te \ i?A'(e)(0) for all z € V . Next choose a maximizer 
7: [0,T] — >■ M connecting x with y and t > such that dist(x, 7(t)) > inj(M,g)/2. 
By proposition 3.4 there exists ?/ ~ ij{e) > 0, independent of x and y, such that 

-(cxp^(,))-i(z)€Time(M,[g]);g 

for all z e Bjj{x). Consider on Bri{x) the function fx{z) := dv{z,'^{t)) + d{-f{t),y), 
where dv is the local time separation of (V,5|v)- Note that fx is smooth on B,j{x) 
with bounded differential by proposition 3.4 and 

dy(z,7(t)) = ^|5r(exp-i(z),exp-i(z))|. 

By the reverse triangle inequality, f^ is a lower support function of d{.,y) at x. 
This establishes the assumption of the lemma and we obtain that the restricted 
time separation d(.,y) is Lipschitz at x with Lipschitz constant depending only 
on e. Since the same argument can be applied to d{x, .), we obtain the Lipschitz 
continuity of the time separation d on {{x,y) £ M x M\ y — x & 1e \ Bk{6) (0)}- ^ 

Appendix A. Requisites 

In this first appendix we collect very briefly the results on Lorentzian Aubry- 
Mather theory needed in the text. Reference are [11] and [10]. 

Fact A.l ([10[). Let M be compact and [M,g) a vicious spacetime. Then there 
exists a constant fill(g, gp;) < 00 such that any two points p,q £ M can be joined by 
a future pointing timelike curve with gn-arclength less than Gl\{g,gf(). 
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For a manifold M denote with M the Abelian cover, i.e. M = M / [tti (M) , tti (M)] . 

Let Al be a compact manifold and {fci, . . . , fc;,} a base of Hi{M, R) consisting of 
integer classes. Denote with {ai, . . . , ab} the dual base and choose representatives 
LOi € ai. For two points x,y G M define y—x G Hi{M, R) through {ai,y—x) = ^^uJi 
where 7 is any Lipschitz curve connecting x and y, and aJ^ is the lift of uji to M . 
For a curve 7: [a, h] — > M we define 7(6) — 7(a) via a lift to M . 

Consider a compact spacetime (M, g) and a sequence 7„ : [a„ M of future 

pointing curve such that L^'^ {jn) 00. Define to be the set of accumulation 
points of in Hi{M,R). Denote with T the cone over 1^ We call 

T the stable timecone. 

Proposition A. 2 ([10]). Let {M,g) be a compact and vicious spacetime. Then T is 
the unique cone in _ffi(M, M) such that there exists a constant evv^g, gn) < 00 with 
disty ||(J+(a;) — x,1) < evv{g,gii) for all x € M, where J^{x) — x := {y — x\ y € 
J+{x)}. 

Proposition A. 3 ([10]). Let {M,g) be a compact and vicious spacetime. Then for 
every R > there exists a constant < K = K[R) < 00 such that 

BRiq)CI+{p) 

for all p,q (z M with q — p G % and disty y [q — p, 9T) > K . 

Recall from [10[ that a compact spacetime (M, g) is of class A if (M, g) is vicious 
and the Abelian covering space is globally hyperbolic. 

Theorem A. 4 ([10[). Let (M,g) be compact and vicious. Then the following state- 
ments are equivalent: 
(i) {M,g) is of class A. 

(ii) We have ^ T^. Especially T contains no linear subspaces. 
(Hi) We have (T*)° ^ and for every a e (T*)° there exists a smooth 1-form lo 
representing a such that kerWp is a spacelike hyperplane in {TMp,gp) for all 
p e M. 

Theorem A. 5 ([11[). Let {M,g) be of class A. Then there exists a unique concave 
function [ : X — !■ M such that for every £ > there is a constant C(e) < 00 with 

(1) I [(ft-) — d{x^ y)\ < C{e) for all x,y G M with y — x ^ h E 1^ and 

(2) l{Xh) ^ Xl{h), for all A > 0, 

(3) l{h' + h)> l{h') + l{h) for all h,h' eT and 

(4) l{h) = limsup;,,^^ l{h') for h e d1 and h' G 1. 
We call I the stable time separation. 

Definition A. 6 ([11[). Let {M,g) be a pseudo-Riemannian manifold andgn a com- 
plete Riemannian metric on M . We denote the reparameterization of the geodesic 
flow of {M,g) w.r.t. gn-arclength with the pregeodesic flow $: TM x K ^ TM. 

Note that the pregeodesic flow is still a conservative flow, i.e. it is defined through 
a differential equation of second order on M. If not noted otherwise pregeodesics 
are always assumed to be parametrized by gfl-arclength. 

Using the properties of the pregeodesic flow we define rotation classes p{ii) for 
finite ^-invariant Borel measures /i by the condition (a, p{n)) = Jxi rm '^dp, where 
u represents a e H^{M,M.) ([11[). 

For the obvious reasons we restrict all considerations to measures supported in 
the future pointing causal vectors. For compact and vicious spacetimes follows that 
the set of rotation classes of finite invariant measures is 1. If we impose the class 
A condition we obtain that \{h) = Ta&'yi{jrj,.^,^^, ,s y'\g{v, v)\dp{v)\ p{p) = /i}, 
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where Tiine(M, [g]) denotes the set of future pomtmg timehke vectors m {M,g). 
An invariant measure /i with 

JTime(M,[g]) 

is called a maximal measure. 

Proposition A. 7. /[II]/ Let (M, g) be of class A. Then the pregeodesic flow admits 
at least dim Hi{M,M) -many maximal ergodic probability measures. 

Let a e H^{M,R). We call a function t: M — > M a-equivariant if t{x + k) = 
t{x) + a{k) for all x G M and k e Hi{M, Z). 

Denote with I* : T* R the dual function of the stable time separation, i.e. 
= mm{a{h)\ l{h) = 1}. 

Definition A. 8 ([11]). Let a e (T*)°. An a-equivariant and Lipschitz continuous 
function t: A/ — > M is a calibration representing a if T{q) — t{p) > l*{a)d{p,q) for 
all p^qCz M with q G J+ (p) . 

Note that every calibration is automatically a time function, i.e. strictly monot- 
onous along any causal curve. 

Proposition A. 9 ([11]). Let {M,g) be a class A spacetime, uj E a G (T*)° and 
F: il/ — > R a primitive ofTT*{uj). Then the function 

r^:M->R, liminf [F (y) - I* (a) dix , y)] 

dist(a:,y)— f oo 

is a calibration representing a. 

Definition A. 10 ([11[). Let {M,g) he a class A spacetime and t: M M a 
calibration representing a. A future pointing pregeodesic 7: R — )■ M is said to be 
calibrated by the calibration t if 

r(7(i))-r(7(s)) = r(a)i«(7lM) 

for one (hence every) lift 7 to M and s < t G M. 

We say that a future pointing pregeodesic 7 : M — > A/ is a maximizer if the 
one (hence any) lift to the Abelian covering space is maximal, i.e. i^(7|[s,t]) = 
d{j{s),j{t)) for all s < t G R. Using the definition of a calibration it is obvious 
that any calibrated curve is a maximizer. 

We say that a finite Borel measure fi on T^'^M is a limit measure of the future 
pointing pregeodesic 7: R — > A/ if there exists a sequence of intervals [a„, 6„] with 
bn — o-n 00 and a constant C G (0, 00) such that 

7-^(7')«('C^Ik,m)^M 

where the convergence is the weak-* convergence in C'^{T^'^M, R)'. By an elemen- 
tary calculation we see that a limit measure is always a ^-invariant measure. 

Denote by Light(A/, [g]) the set of future pointing lightlike tangents vectors in 
TM. 

For q; G T* define ^ffla to be the set of invariant measures /i that maximize 
^J. i-> r(a) / y/\g{v,v)\dfj.{v) - {a,p{^i)). 
Set suppSJlct := U^ggjt^ supp^. 
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Proposition A. 11 ([11]). Let a E (1*)° and t: M M. a calibration representing 
a. Further let j: R ^ M be a future pointing maximizer calibrated by t. Then all 
limit measures of 7 belong to OTq. . Moreover the image of the tangential mapping 
t I— >■ ^'{t) can be separated from Light(Af, [g]), i.e. there exists e = e(a) > such 
that dist(7'(t),Light(M, [g]) > e for all t e M. 

Proposition A. 12 ([11]). For a e ('X*)° any pregeodesic 7 with 7' C suppfOTa is 

calibrated by every calibration representing a. In particular there exist calibrated 
curves. 

Corollary A. 13 ([11[). Let {AI,g) be of class A. Then there exists a maximal 
ergodic measure fi and e > such that 

dist(supp /i, Light{M, [g])) > e. 

Appendix B. On the Definition of Causal Curves 

The notion of causal curves is best defined for spacetimes first. This represents 
no restriction since any Lorentzian manifold admits a time-orientable twofold cover 
([3]). Assume that {M,g) is time-oriented, i.e. {M,g) is a spacetime. 

We define what we understand by future and past pointing for geodesies first. 
A geodesic 7 of {M, g) is future (past) pointing if 7 is future (past) pointing. Note 
that this is well defined since 5(7,7) = const and g{j{t), X^i^^-j) < (>) for one t if 
and only if g{j{t),X^(^t)) < (>) for all t. 

The following definition is taken from [1] . A continuous curve 7 : I ^ M is said 
to be future (past) pointing if for each to €z I there exist an e > and a convex 
normal neighborhood U around 7(to) with 7|(to ~ £,^o + e) ^ U such that given 
any ti < t2 (z (to — £,to + £) there is a future (past) pointing geodesic in {U,g\if) 
connecting "f{ti) with "f{t2). 

Call a curve in a spacetime causal if it is future or past pointing. The notion 
of causal curves (in opposition to future or past pointing) can be extended to 
general (possibly not time-oriented) Lorentzian manifolds via lifting: Let (M, g) be 
a Lorentzian manifold and -f. I ^ M a continuous curve. We call 7 causal if the 
lift of 7 to a time-oriented cover {M',g') of {M,g) is future or past pointing. 

This definition does not depend on the chosen covering space or the chosen time 
orientation on the cover. Simply note that for any two time orientable covering 
spaces {M',g') and {M",g") of {M,g) such that {M",g") is a Lorentzian cover 
of {M',g'), any future (past) pointing curve in {M',g') lifts to a future (past) 
pointing curve in (M", g") and any future (past) pointing curve in (M", g") projects 
to a future (past) pointing curve in (M',g'). Since the universal cover is simply 
connected, it is time-orientable. Consequently the definition does not depend on 
the chosen time-orientable covering manifold. 

Remark B.l (]1]). Any future (past) pointing curve can be reparameterized to a 
Lipschitz continuous curve. Especially any future (past) pointing curve admits a 
monotone reparameterization w.r.t. gfj-arclength. This readily extends to causal 
curves. 

The following proposition is well known. We include the proof for the sake of 
completeness. 

Proposition B.2. Let 7: [a, b] M be a gn-arclength parameterized curve. Then 
7 is future pointing if and only if 'y(t) is future pointing for almost all t G [a, b]. 

Remark B.3. The definition does not depend on the chosen Riemannian metric. 
More precisely, the parameter change between two arclength parameterizations rel- 
ative to two Riemannian metrics is a locally bi-Lipschitz map and the chain rule 
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applies almost everywhere. Thus the fact that 7(t) is future pointing for almost all 
t is independent of the particular arclength parameterization. 

Following proposition B.2 we could have defined future pointing curves as recti- 
fiahle curves 7 such that 7(5) is future pointing for almost all s, where s 1— >■ 7(5) is 
some parameter of ^ such that 7(5) exists almost everywhere. 

At first sight, this definition may look more restrictive than the usual definition 
of future pointing, but is in fact equivalent. By remark B. 1 any future pointing 
curve is rectifiable and therefore admits a gj^-arclength parameterization. Any gji- 
arclength parameterization is Lipschitz. By Rademachers theorem any Lipschitz 
curve is differentiable almost everywhere, consequently any future pointing curve 7 
admits a monotone reparameterization such that 7 exists almost everywhere and is 
future pointing by proposition B.2. 

Proof of proposition B.2. (i) Assume that 7 is future pointing. Consider t G [a,b] 
such that 7(i) exists. Denote p := 7(t). Then for \s — t\ sufficiently small the 
curve 7(5) := exp~^(7(s)) is defined. By definition the vector 7(3) € TMp is future 
pointing in {TMp,gp). Identify T{TMp)Q^ with TMp in the canonical way. Then 
= is future pointing in (TMp,gp) as a limit of future pointing vectors. 
Note that it cannot be since we assumed that 7 is parameterized by g^i-arclength. 
Since 7(4) exists for almost all t G [a,b], we obtain that j{t) is future pointing for 
almost all t G [a,b]. 

(ii) Assume that j{t) is future pointing for almost all t S [a, b]. Let s < t £ [a,b] 
be given such that 7|[s,t] ^ U for some open convex normal neighborhood U. We 
want to show that the uniquely defined geodesic [0, 1] — J- C/ connecting 7(5) with 
"f{t) is future pointing. 

Let r < s. Consider a future pointing timelike geodesic ^: [r,s] — > U with 
terminal point ^(s) = 7(5). Then the curve a := exp^^^^ o(^ * 7l[s,t]) is well defined. 

Note that a is smooth on [r, s]. For r < s we know th.ata{T) ~ ■jz'^S.ir) is future 
pointing timelike in {TM^(^j,)t g^{r))- This yields g^(r)i'^{s)i'^is)) < 0. Consequently 
there exists sq > s such that cr(T)) < for all s < r < so- Assume 

that there exists sq < to < t with gj(r)((T(so), (t(so)) < 54(r)(o'(io), cr(io)). We can 
assume that 5^(,,)(cr(r), (t(t)) < for all t G [so,to], since r i-> g^j^) ("■('J')? "■(''')) is 
a continuous function. Then we know that (exp)H, ^(^■)(cr(T)) is future pointing in 
(rMoxp(<j(T)),goxp((T(r))) for all r € [so, to]. For almost all r € [so,to] we have 

^.9?(r)(0">0-)(T') = 2.gc(r)(0-(T),Cr(T)) 

= 2gcxpj(,)(^(r)) (7(t), (cxpj(^)) Jcr(r))) < 0, 

using the Gaufi lemma and the assumption that 7(t) is future pointing for almost 
all T. Then we get 

f*" d 

< 5C(r)(cr(^o),0-(io)) - 5e(r)(o-(so),cr(so)) = J — 55(r)(CT,cr)(T)dT < 0. 

Therefore t (7j(r)(o'(T), (t(t)) has to be monotone decreasing. This yields 

55(r)(exp~(J.)(7(i)),exp^(i^)(7(i))) < 

and the geodesic Cr : [0,1] — !• M, A exp^(^)(Aexp^|.^j(7(t))) is future pointing 
timelike. 

Now choose a sequence {r„} C [r,s] with limr„ — s and geodesic Cr„ as above. 
The sequence (r„ converges to the geodesic C- Recall that the convergence of Cr„ to 
C is equivalent to the convergence of Cr„(0) to C(0). Since the set of future pointing 
vectors in TM is closed and C is nonconstant, we see that C is future pointing. This 
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construction is valid for any pair of parameters s < t such that 7(5) and "f{t) are 
sufficiently close. Therefore we obtain that 7 is future pointing. □ 

At this point it is easy to see that for any causal curve 7 : [a, b] — )■ M in a 
Lorentzian manifold (M, g) there exists a piecewise smooth causal curve 7p : [a, b] — >■ 
M such that 7 and 7^, are homotopic with fixed endpoints via causal curves. It 
suffices to consider the case that {M,g) is a spacetime, i.e. 7 is (w.l.o.g.) future 
pointing. Consider s < t € [a,b] such that ^\[s,t] is contained in a convex normal 
neighborhood U and let t € [s,t]. By definition the unique geodesic (t-: [s,t] — )■ U 
connecting 7(5) with 7(t) is future pointing. Define the future pointing curve 
"fr := Ct- * 7I [r,t]- Then t defines a continuous deformation of j\[s,t] into 

via future pointing curves. Using a simple compactness argument we see that 7 is 
homotopic with fixed endpoints to a piecewise geodesic future pointing curve via 
future pointing curves. 

The following proposition shows that actually more is true (We call a smooth 
curve timelike if it is causal and all tangents are timelike vectors). 

Proposition B.4 ([7]). Let {M,g) be a Lorentzian manifold. For every causal 
curve 7: [a, 6] — )■ M there either exists a smooth timelike curve 74 : [a, b] M or a 
lightlike geodesic 7/: [a, &] — > M (i.e. ji lightlike) such that and ji are homotopic 
with fixed endpoints to 7 via causal curves. 

The proof relies essentially on the convexity of the set of future pointing vectors 
(in a time-orientable cover). 
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